Abstract-We present here a method that estimates the parameters' variance in a parametric model for neutron time of flight. The method yields explicit formulas for parameter variances expressed in terms of the choice, settings, and placement of the detector and the oscilloscope. The formulas are obtained independently of calculation of parameter values and are valid for general measurement systems and for typical signal shapes. Consequently, the presented results can serve as a tool in planning a measurement setup. 1
In Section III, we derive the explicit dependence of the two (Poisson and Gaussian) variances on system parameters. It turns out that under reasonable assumptions on the measurement system (causality and wide bandwidth), we obtain a simple and explicit dependence of variances for arbitrary h(t). This generalizes the results of [5] where such dependence was obtained for an ideal measurement system (h(t) = δ(t)). In Section IV, we derive explicit formulas for variances of the parameter θ . In Section V, we represent the usage of two detectors applied to the extraction of the spread w n of the neutron creation profile. To clearly present this rather involved process, we limit Section V considerations to the ideal system.
Unless explicitly stated otherwise, the units used throughout this paper are distance D 
II. SIGNAL MODEL

A. Signal at the Detector
Consider neutrons created in the D-T reaction, arriving at the detector placed at a distance D. They form a Poisson process that we denote ξ(θ), with the mean value x(t, θ) = N 0 w n w g n t − t n w n g t t − t − t g w g dt (2) where t is the time of arrival at the detector, t is the time of flight (ToF), and t is the creation time. The n(t − t n /w n ) is the neutron creation profile with spread w n and time reference t n . The g t (t − t g /w g ) is the neutron energy distribution expressed in terms of ToF, with t g = D/(2E 0 /m n ) 1/2 , the mean of the ToF and w g := t g (0.1 · kT/E 0 ) 1/2 the signal spread. E 0 is neutron mean kinetic energy and m n neutron mass. We want to estimate the variances of θ = (t n , w n , kT ) with the kT hidden in w g :
When the plasma energy is much smaller than the neutron kinetic energy, in our case kT ≤ 100keV E 0 ≈ 14.1MeV, then the distribution in kinetic energy is inherited by the neutron distribution in ToF (the Appendix). In particular, if the first is Gaussian, so is the second. Thus, for the Gaussian neutron creation profile, we obtain the Gaussian detected signal (2) (rigorously speaking, its expected value) 
B. Sampled Signal at the Oscilloscope
The signal (2) passes through a measurement system (sensor, transducer, filter, cables, and connectors) and is measured by a digital oscilloscope. Let the impulse response of the measurement system be h(t). The expected value of the signal that passes through the system equals
It is common to normalize the oscilloscope screen height to two units and amplify the signal so that the z's maximum value is observed at about half of the oscilloscope screen. Thus, the signal measured at the oscilloscope 3 equals
where a ≈ z −1 max is the normalizing coefficient. In terms of the oscilloscope-sampled signal (with the sampling step t), we have
where
C. Sources of Uncertainty
Equation (6) provides relations between the signals' expected values. Including the two sources of randomness, the measurement uncertainty η l with sample variance σ 2 and the counting uncertainty ξ l with sample variance σ 2 xl , we obtain the full expression for the measured data
Since the samples ξ l are Poisson distributed, their variances equal their means σ 2 xl = x l .
III. RELATIVE EFFECT OF MEASUREMENT AND COUNTING ERRORS
In this section, we analyze the effect of system parameters on the two uncertainties' variances.
A. Measurement Uncertainty
When digitization dominates other sources of measurement noise, the measurement variance equals
where ENOB denotes the effective number of bits (the typical ENOB = 5.5 yields the standard deviation of ∼1.3%).
B. Counting Uncertainty
The variance of y l contributed by the counting process equals to the variance of a · z l
Since we have chosen
This variance can be explicitly represented in terms of the detector's parameters and position
Note that to keep our equations more readable, we introduced
From this, we find the maximum variance
When the measurement system's bandwidth is wider than that of the signal, then the impulse response changes much faster than the signal does. That results in the value of C hmax being bounded for D > 1. For a typical system response h(t) := b · exp(−bt) · 1(t) [where 1(t) equals one for t > 0 and equals zero for t < 1] (Fig. 1) .
Consequently, (12) provides an explicit insight into Poisson uncertainties for a general measurement setup. It can be interpreted in three ways as follows.
1) Equation (12) shows that it is the number of samples per signal width that matter (the natural unit of signals' spread is the time step). This yields explicit dependence on the distance to the detector. Because C hmax is bounded, the variance grows as D 3 . It follows that for the distance of a few meters, the variance (13) is significantly smaller than that of the measurement system, which as shown by (8) has the standard deviation of 1.3%. 3) Thus, we can use (13) as a measurement tool that provides an explicit dependence of variance ratio in terms of reaction, detector, and oscilloscope parameters. Namely, considering the ratio of the two variances, we obtain σ 2 y Pmax
The ratio depends on the parameters of plasma (temperature kT and the number of neutrons N 0 ), of the digital oscilloscope (ENOB and time step t), and the detector (distance D, size A, and efficiency α).
C. Example
The relation of the two variances is shown in Fig. 2 for the ideal system: h(t) = δ(t). In this case, we have h l = δ l,0 and
This simplifies (14) to Fig. 2 shows three standard deviations: measurement σ , counting σ Pl , and the total σ l
The parameter values are plasma temperature kT = 16, the oscilloscope parameters ENOB = 5.5, t = 0.01, and the number of neutrons N 0 = 10 14 . For these values, Detailed discussion of (15) is the subject of [5] .
IV. GENERAL PARAMETER VARIANCES
In this section, we find variances of θ = (t n , w n , kT ). When, as we have shown above, a typical detector is placed within a few meters from a typical neutron source, the Poisson uncertainty is negligible, and the signal (7) simplifies to
Recall that in our signal (3), two of the parameters of interest (w n , kT ) appear in the signal representation through w
We take advantage of this fact and look for the uncertainties in two steps. First, we will find variances of θ = (t 0 , w).
A. Covariance Matrix General Formula
By taking advantage of the known signal shapes, we obtain closed-form formulas for the covariance matrix of the parameters θ = (t 0 , w). We also show (the Appendix) that the covariance matrix of a general measurement system is diagonal (i.e., the parameters are uncorrelated) and equals
where ·, · denotes a scalar product in L 2 so that
with
Diagonality of the covariance matrix results from the fact that K (u) is an even function K (−u) = K (u) for arbitrary h(t).
Consequently, the time delay and signal width are uncorrelated, and their variances are equal to
The parameters κ t 0 , κ w (calculated in the Appendix) depend only on the signal's shape and on the system response scaled by signal width.
B. Example
For an ideal measurement system h(t) = δ(t), we have
and K (wt) = δ(wt) = w −1 · δ(t), which results in the following coefficients [6] , [7] :
V. SPECIFIC PARAMETER VARIANCES
In this section, we provide detailed formulas for parameter variances. To present clear argument unobscured by long formulas, we consider an ideal filter h(t) = δ(t). We assume that the parameters' values θ = (t n , w n , kT ) are known and derive explicit formulas for their variances in terms of these values and of the measurement system parameters.
Let the fluor detector be placed at a distance not larger than 8 m, so that, as shown by (14), the measurement error dominates, so that
A. Variances of Parameters
For the Gaussian signal (3) in the presence of Gaussian noise, the variances of its two parameters w and t 0 are given by (21) and (23)
B. Variance of t n
Since t n = t 0 − D/v 0 , the variance of t 0 equals that of t n
Consequently, t n can be determined with the high degree of accuracy
For example, for t = .01, kT = 16, we have
the relative error is of the order of 1% multiplied by the square root of distance in meters.
C. Variances of kT and w n
The variances of the two remaining parameters, the plasma temperature kT and the creation time width w n , are harder to find because we allowed for noninstantaneous neutron creation model. To find them, we need at least two detectors placed at different distances. Let the distances be D 1 and D 2 with the corresponding two measured widths w 1 = w (D 1 ) , w 2 = w (D 2 ). It follows from (2) and (3) that
Here, we introduced ϑ to keep the equations shorter. From (25), we calculate
and the standard deviations of the original parameters
where (Fig. 3 )
λ 2 − 1 (see the Appendix for the detailed derivation).
Note that for the typical values: w n ≈ 0.02, ENOB = 5.5 (which results in σ ≈ 0.013), and t = .01, which is the state-of-the-art digital scope sampling step (in the year 2014), (27) and (28) simplify to Note also, that, as follows from (27) and (28), the formulas for an arbitrary step t (expressed in ns) can be obtained by multiplying the above values by 10( t) 1/2 .
The relative errors of w n and kT are
Consequently, for typical temperature and detector distances, such as 1 < kT < 100 and 1 < D 1 < D 2 < 40, the relative error of w n is significantly larger than that of kT. Thus, when optimizing the variances, we focus on w n .
Based on the above, we conclude that the optimal placement of the two detectors is about 1 m for the closer detector and about 8 m for the farther one. Indeed, the minimum feasible detector distance is about 1 m, and the counting error is negligible up to 8 m, also because, as observed from (27) and (28) and Fig. 3 , the coefficients f kT and f wn flatten at the ratio 8. This result is intuitively convincing since we want to disentangle the creation time and the ToF. Thus, we need one detector to be least affected by the ToF (i.e., placed close to the source) and the other detector the most affected (i.e., placed far from the source). Here, we found the exact values of D corresponding to the close and the far.
For example, for the above w n , σ , for kT = 16, and for closely spaced detectors, D 1 = 1 and D 2 = 2, we have
Moving the second detector to D 2 = 8, we obtain
which diminishes the error from 56% to 35%. This is remarkable when we consider that the neutron creation spread of approximately 0.02 ns is recovered from measured signals whose spread ranges from 0.2 to 1.6 ns.
VI. CONCLUSION
We have presented explicit formulas for variances of plasma parameters recoverable from NToF measurements in a general measurement system (causality and wide enough bandwidth were our only limitations) with Gaussian signals.
It turns out that even with the above minimal assumptions, one obtains explicit dependence of variance ratio with an insight into relative significance of system parameters. That relationship allows planning of the measurement setup and provides an insight into available tradeoffs. Moreover, (14) tells us that at the present state of the art, the measurement variance dominates the intrinsic variance of neutron production as long as the detector is placed at a distance of a few meters and the reaction yield is of the order of N 0 = 10 14 neutrons.
We also proved that, for an arbitrary measurement system, the signal delay and spread are decorrelated.
Finally, we considered the case of noninstantaneous neutron creation and derived the parameter variances. In an ideal measurement system, with properly positioned detectors, we obtained the standard deviation of a few percent for the plasma temperature and for the signal timing, and of 30%-40% for the neutron creation spread. This is remarkable considering that the uncertainties were recovered from measured signals whose spread was larger than the neutron creation spread by at least an order of magnitude. 
APPENDIX-DETAILED DERIVATIONS
A. From g E (·) to g t (·)
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